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ABSTRACT 
We raise and partially answer the question of which sets of complex numbers can 
be the spectra of matrices all of whose powers are P-matrices. Several related 
questions are raised, and the partial results negatively resolve two earlier conjectures 
regarding spectra of P-matrices. 
1. INTRODUCTION 
An n-by-n matrix A is called a P-matrix (respectively PO-matrix, Q-matrix) 
if every principal minor of A is positive (every principal minor is nonnega- 
tive, the sum of the k-by-k principal minors is positive for k = 1,. . . , n). The 
set of all such A is denoted by L? (respectively Yo, 2). We are interested 
here in matrices A such that Ak E 9 for all positive integers k. We denote 
the set of all such A as 9.4 (respectively pa.4 if only Ak E PO is required, 
22& if only Ak E S is required) and refer to them as PM-matrices (respec- 
tively P,M-matrices, @f-matrices). Examples of PM-matrices include the 
positive definite Hermitian matrices and the totally positive matrices. The 
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classes 9.L and 3A are closed under inversion since 9 and 1 are. The 
class 34 is closed under general similarities, while 9& and .9’,./i! are 
closed under diagonal and permutation similarity. Furthermore, a block 
triangular matrix is in B.&Y (or in B,&‘) if and only if each irreducible 
component is. 
In the case of each of the examples of matrices in .!?A mentioned above, 
all eigenvalues are positive. If we denote the spectrum (set of eigenvalues 
with multiple appearances corresponding to algebraic multiplicities) of an 
n-by-n matrix A by a(A), it is then natural to raise the following question: 
(1) if A E P-N, does X E a(A) imply X > O? 
It is known [6] that no eigenvalue of an n-by-n P-matrix can lie in a wedge of 
angle r/n on either side of the negative real axis. We measure angles in the 
complex plane between - v and r, so that A E a( A), A E B implies 
]arg(h)l< (nlI)r. 
It follows that any real eigenvalue of a P-matrix must be positive. Equivalent 
to a PM-matrix having all positive eigenvalues, then, is that all its eigenvalues 
are real. 
It is also known [2] that a set S of n complex numbers is the spectrum of 
a P-matrix if and only if S is the spectrum of a Q-matrix, i.e. if and only if the 
n elementary symmetric functions of S are positive. 
It is not, however, known if every Qmatrix is similar to a P-matrix. The 
difficulty is with the Jordan form in the case of multiple eigenvalues; in 
particular, it is not known if every diagonalizable Q-matrix is similar to a 
P-matrix. Since the possible spectra for P-matrices are the same as those of 
Q-matrices, it is natural to ask: 
(2) Are the spectra of PM-matrices the same as those of QM-matrices? 
Of course, a set of n complex numbers is the spectrum of a QM-matrix if and 
only if all elementary symmetric functions of each set of powers of elements 
of the set are positive. 
We find that the answers to both questions (1) and (2) are affirmative for 
n < 4 (Corollary 1 below). This characterizes both PM and QM spectra. For 
n > 5 we find that not both questions can have affirmative answers, and we 
are not able to fully resolve either question. However, since a PM-matrix is 
necessarily a QM-matrix, our principal observation concentrates attention on 
necessary conditions for the spectrum of a QM-matrix. These are also neces- 
sary conditions for a PM-matrix, and it is interesting that they resemble, 
though they are short of, an affirmative answer to (1). 
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We remark that since a set of complex numbers is a spectrum of some 
Q-matrix if and only if it has all elementary symmetric functions positive, the 
discussion of spectra of Q or QM-matrices can be carried out regardless of 
the matrices involved, as a discussion of roots of polynomials with alternating 
signs of coefficients. 
2. SPECTRA OF PM-MATRICES 
For a collection (multiset) S of r (not necessarily distinct) complex 
numbers, we let Sk denote the set of kth powers of elements of S and let CSk 
denote the kth moment of S (the sum of the kth powers of all elements of S). 
Also let sk(S), k = l,.. ., T, denote the kth elementary symmetric function of 
the elements of S. We call S a Frobenius set (of order T) if S consists of a 
fixed positive multiple of all the rth roots of unity. (If this multiple is t, then 
we say the Frobenius set has magnitude t.) Note that a set consisting of a 
single positive number constitutes a Frobenius set. Our definition is suggested 
by, but slightly different from, that of [l]. For a complex number cy E S, we 
let 
s,= {P~S:Ipl=I~I}, 
with the understanding that if an element of S, occurs multiply in S, it occurs 
with the same multiplicity in S,. We denote the cardinality of S by IS]. 
Finally, we denote the radius of S, max,, s lo], by p(S). 
Before proving theorems it is useful to make two observations. 
LEMMA 1. Zf A E 9dX is n-by-n and X E a( A), then arg X must be a 
rational multiple of 277. Furthermore, if this multiple has denominator d in 
reduced form, 0 -C d, then d is odd and d -c n. 
Proof. By the well-known equidistribution result [9], if arg A were not a 
rational multiple of 2m, the powers of X would visit any sector of positive 
angle in the complex plane, in particular the forbidden wedge [6,2] for 
eigenvalues of n-by-n Q-matrices. Thus, A could not be in 94. Let m be the 
rational multiple in reduced form with denominator d > 0. If d were even, X 
would have a negative power, and A could not be in LU’. If d > n, then h 
would also have a power in the forbidden wedge and A could not be in ZLH. 
This verifies all the assertions of the lemma. n 
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LEMMA 2. Let S be a set of n complex numbers, and let K be a fixed 
positive integer such that 
CSk>O for k>K. 
Then p(S) E S. Furthermore, if p(S) is the only positive element of S, then 
S pCs, is a Frobenius set (of magnitude p(S)). 
Proof. This is Theorem 3 of [ 11. n 
As an approach to the Perron-Frobenius theorem, the idea of Lemma 2 is 
also used in one of the proofs mentioned in [lo]. 
THEOREM. Let A be an n-by-n QM-matrix, and let X E S = u(A). Then 
Ihl E a( A), and furthermore S, either is a Frobenius set (of odd order) or 
includes at least two copies of IhI. 
Proof. We first prove that the theorem holds for SpCsr Since we can 
divide all the elements of S by p(s), we may assume, without loss of 
generality, that p(s) = 1. By Lemma 2, 1 E S. If the multiplicity of 1 is greater 
than 1 or if S, is a Frobenius set, then there is nothing to prove. If 1 appears 
only once in S and S, is not a Frobenius set, then by Lemma 2 
CS;“=a<O 
for some positive integer m. By Lemma 1, each nonzero X E S has the form 
where rx > 0, nx is an integer, and d x is a positive integer. Let d be a 
common multiple of d,, X E S,. Then the set S: is {l,l,...,l} and it follows 
that 
xS:“+n’=a<O, k=0,1,2 ,.... 
Since for X E S \ S, we have 1x1 < 1, it follows that C(S \ Sl)k”+“’ < Ial for k 
sufficiently large, and hence 
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in contradiction to A E %M. Thus, the set S, either is a Frobenius set or 
includes at least two copies of 1. 
Now let p = p(S \ S,). We shall show that S, has a similar structure to S,. 
Observe that since A is a Qmatrix, it follows that 
JJ x=1. (1) 
x ES, 
Let 1 = ]S,]+ 1, let C,(A) be the Zth compound of A (see e.g. [4] or [7]), and 
let I’ = a(C!( A)). As is well known, if 
s= {hl,...J,) 
then 
T= {hi,Xi2- xi,:l<i,<i,< ... <i,gn}. (2) 
Hence, sr( T) = sI( S) > 0. Also, 
C,(Ak) = KXNI k> 
and hence, since A E 2&Z, we have 
xTk>O, k=1,2.... 
Observe that p(T) = p and further, by (1) T, = S,. As in proving the 
structure of S,, we show that S, = T, either is a Frobenius set or contains at 
least two copies of p. We continue this process, now taking the tth com- 
pound of A, where t = 1 + ISpI, and so we prove our assertion for all S,, 
A E a( A). n 
We remark that using compounds is not necessary for proving the 
theorem. We could define the set T and then observe that 
xTk = s,(Sk). 
However, the proof presented is a nice application of compounds. 
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Observe that it follows from the theorem above that if the cardinality of 
S, is at most 2 for each X E a( A), then the answer to question (1) is 
affirmative. 
COROLLARY 1. Let n < 4. Then 
(i) an n-by-n matrix is in SJ? if and only if all its eigenvalues are 
positive, and 
(ii) a set of n complex numbers is the spectrum of a PM-matrix if and only 
if all elements of the set are positive. 
Proof. (i): Clearly, if an n-by-n’ matrix A has positive eigenvalues then 
all powers of A have positive eigenvalues and hence A E %k’. Conversely, 
we assume that A E %.& and we show that its eigenvalues are positive. For 
n = 2 the result follows immediately from our theorem. In the case n = 3 the 
only possibility other than a positive spectrum is that a(A) consists of a 
Frobenius set of order 3. In this case we have si( a( A)) = ss( a( A)) = 0, which 
is a contradiction to A’s being a QM-matrix. Finally, in the case n = 4 it 
follows from our theorem that if A has a nonreal eigenvalue then it must be a 
positive multiple of a cube root of unity, and hence o(A) consists of a 
Frobenius set of order 3 and a positive number. In this case we have 
s2(u(A)) = 0, which is again a contradiction to A E 9~?. 
(ii): If a set consists of positive numbers, then it is the spectrum of a 
diagonal PM-matrix. Conversely, if a set is a spectrum of a PM-matrix, then it 
is a spectrum of a QM-matrix and the claim follows from (i). W 
EXAMPLE. Corollary 1 provides an affirmative answer to question (1) 
when n < 4. However, if the question is extended to P,M-matrices, then the 
answer is affirmative for n = 2 but is negative for n = 3, as demonstrated by 
the following example. Let 
0 
A=0 I 
1 0 
0 1  1.  0 
Clearly, A E 9’a, and since A2 = AT and A3 = Z we have A E 9a.N. How- 
ever, 
u(A) = {l,e:“i,e-?ni}. 
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Corollary 1 and our example highlight a major difference between the sets 
.PM and .POM and indicate that continuity arguments are likely to fail. 
COROLLARY 2. A S-by-5 matrix is in 9& if and only if either all its 
eigenvalues are positive or its spectrum consists of a Frobenius set of order 3 
and two positive numbers. 
Proof. Let A be a 5by-5 matrix in 9&Z. By the theorem, if A has a 
nonreal eigenvalue then it must be a positive multiple of a cube root of unity. 
Hence, a( A) is not a Frobenius set of order 5 and as such, it follows from our 
theorem that a(A) contains at least two positive numbers. Thus, by our 
theorem a( A) consists of a Frobenius set of order 3 and two positive integers. 
Conversely, it is easy to verify that a set S = {X,, . . . , h5} which consists 
of a Frobenius set of order 3 and two positive numbers has positive elemen- 
tary symmetric functions. Furthermore, the set Sk where k is a positive 
integer either has the same form or consists of positive numbers. Therefore, 
every matrix A with spectrum S is a QM-matrix. n 
COROLLARY 3. A Shy-6 matrix is in SJ? if and only if either all its 
eigenvalues are positive or its spectrum consists of a Frobenius set of order 3 
and three positive numbers. 
Proof. Let A be a &by6 matrix in 9&I. By our theorem, a nonreal 
eigenvalue of A (if any) has to be a positive multiple of either a cube root or a 
fifth root of unity. We now deny the following four possibilities: 
(1) The matrix A has four real eigenvalues and two eigenvalues re ’ I:“. 
LetS=a(A).BythetheoremrES.LetT=SU{re’~”,re-~”}.SoT=FU 
R, where F is a Frobenius set of order 5 and with magnitude r, and R 
consists of three real numbers. Observe that sk( F) = 0, 1~ k < 4, and thus 
Since we have 
it follows that some of the elementary symmetric functions of S are nonposi- 
tive and hence A is not a Q-matrix. Therefore, this case is impossible. 
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(2) The matrix A has four real eigenvalues and two eigenvalues re * ‘iT. 
In this case the matrix A2 belongs to case 1 and is not a Q-matrix. Thus, 
AG”%#V. 
(3) The matrix A has two eigenvalues which are positive multiples of 
(nonreal) cube roots of unity and two eigenvalues which are positive 
multiples of (nonreal) fifth roots of unity. By the theorem, A has two 
positive eigenvalues. Observe that A3 belongs either to case 1 or to case 2 and 
hence A 4 1_,+&!. 
(4) The matrix A has four eigenvalues which are positive multiples of 
(nonreal) cube roots of unity. By the theorem, a( A) is the union of two 
Frobenius sets of order 3 (which may have the same magnitude) F, and F,. 
Therefore, 
s,(u(A)) = s,(h)+ s,(b) = 0, 
which implies that A P 2. 
Therefore we conclude that either all the eigenvalues of A are positive or 
A has exactly two eigenvalues which are positive multiples of cube roots of 
unity, and by the theorem o(A) consists of a Frobenius set of order 3 and 
three positive numbers. 
Conversely, it is easy to verify that sets of the types described in the 
statement of Corollary 3 have positive elementary symmetric functions. Also, 
powers of such sets are also of these types, and hence, if a( A) is such a set, 
then A E 9M. n 
Corollaries 1, 2, and 3 motivate the natural question whether a spectrum 
of a QM-matrix is necessarily a union of Frobenius sets. Using the following 
proposition, we shall show that the answer to this question is negative. 
PROPOSITION 1. Let z be a (nonreal) complex number with 1 z I= 1 and 
x = Re(z) < 0. Then the set S which consists of 1 repeated m times, z, and 5 
has positive elementary symmetric functions whenever 
Proof. Let 
214 
m ’ 1 - 1x1. 
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Since 1x1 < 1, we have 
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Observe that 
sl( S) = 2x + m > 0, 
s,,+~(S) =2x + m > 0, 
&+2(S) = 1’ 0. 
Also, for 2 < k < m we have 
m! 
= k!(m - k +2)! 
[2k2(1-r)-2k(l-r)(2+m)+(m+l)(m+2)]. 
Observe that the leading coefficient of the quadratic polynomial in k, 
2k2(1-x)-2k(l-x)(2+m)+(m+l)(m+2), 
is positive, and the discriminant of this polynomial is negative whenever 
214 
m ’ 1 - 1x1 * 
Therefore, 
%(S) ’ 0 forallk,2<k<m. 
Let k be a positive integer, let 
?l 
ecos ~ 
2k + 1 
m> v7 ’ 
1 - cos ~ 
2k + 1 
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and let S be the set which consists of 1 repeated m times and of e k ikn/(2k+1). 
By Proposition 1 the set S has positive elementary symmetric functions. 
Furthermore, observe that the powers of e * ik?r/(2k+1) are all (2k + 1)th roots 
of unity, and therefore the absolute values of the real parts of those in the left 
half plane are bounded by cos[ 7r/(2k + l)]. In the case of roots in the right 
half plane we have positive elementary symmetric functions as in Lemma 1 of 
[3]. Hence, all the powers of S have positive elementary symmetric functions. 
Therefore, every matrix with the spectrum S is a QM-matrix, although for 
k > 1 the set S is not a union of Frobenius sets. 
An independent corollary to Proposition 1 is a negative answer to Conjec- 
tures 2 and 5 in [3]. It was conjectured there that if a P-matrix A has exactly 
k eigenvalues in the left half plane (k is an even integer) then 
2k + 1 
larg 4 < =+2 forall x~a(A). 
Obviously, Proposition 1 constitutes a counterexample for the case k = 2 if we 
choose Ix 1 > cos( 7r/6). In order to obtain a counterexample for even k greater 
than 2 we choose Ix]> cos[ r/(2k + 2)], and we obtain, by Proposition 1, a set 
with positive elementary symmetric functions and which has exactly two 
elements in the left half plane, both with argument greater in absolute value 
than [(2k + 1)/(2k + 2)]~. Then, as done in the proof of Theorem 3 in [2], we 
add k - 2 additional elements in the left half plane, sufficiently closed to the 
imaginary axis, such that the resulting set has positive elementary symmetric 
functions. 
Proposition 1 yields the following interesting observation. 
COROLLARY 4. Let T be a finite set of complex numbers, consisting of 
positive numbers and nonreal conjugate pairs. Then one can obtain a set with 
all elementary symmetric functions positive by adding positive numbers to S. 
Proof. Every conjugate pair in the (open) right half plane has positive 
elementary symmetric functions, and, by Proposition 1, every conjugate pair 
in the (closed) left half plane can be completed to a set with positive 
elementary symmetric functions by adding positive numbers. Our assertion 
now follows, observing that a union of sets which have positive elementary 
symmetric functions also has positive elementary symmetric functions. n 
Although, as shown above, the spectrum a QM-matrix is not necessarily a 
union of Frobenius sets, it is of interest to characterize those unions of 
Frobenius sets which are spectra of QM-matrices. 
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PROPOSITION 2. Let S = U,k,iSi, where Si is a Frobenius set of order ri, 
i=l ,...,k, and where JS(= n. Then S is a spectrum of a QM-matrix if and 
only if every integer m, 1~ m < n, can be expressed as a linear combination 
with 0 or 1 coefficients of T,, . . . , r,. 
Proof. We observe that 
sj(s)' C Ii sI,(si), j=l >...> n, 
o<r,<ri i=l 
where sO(Si) = 1. 
Since s,,,(Si) = 0 for 1~ m < T, and s,,(Sp) > 0 for every positive integer 
p, it follows that sj(Sp) > 0 for every positive integer p if and only if j is a 
linear combination with 0 or 1 coefficients of ri, . . . , rk. n 
The number-theoretic problem of characterizing sets of positive integers 
whose sum is n and whose O-l linear combinations cover all the integers 
between 1 and n will not be discussed here. 
3. DISCUSSION OF 5BY-5 PM-MATRICES 
Because of Corollary 2, the answers to questions (1) and (2) cannot both 
be affirmative for all n, and we do not know if the answer to either is 
affirmative. However, Corollary 2 also suggests that further investigation of 
the collection { o[, j?, 1, w, o’}, w a primitive cube root of unity and (Y, p > 0, 
may be indicative. We focus on the case a: = /3 = 1 for simplicity. It would be 
most interesting to know if there is a PM-matrix with this spectrum. If there is 
such an example, the answer to question (1) would be negative in general and 
the theorem would be a relatively strong statement when applied to PM- 
matrices. Attention should then focus on question (2) on which some light 
might be shed. If there is no such example, it would be evidence for an 
affirmative answer to (1) and would mean that there are significant and 
interesting restrictions on the principal minors besides the elementary sym- 
metric functions, given the eigenvalues and Jordan form. In particular, it 
would mean a negative answer to the question of whether Q-matrices are 
similar to P-matrices. We should take this opportunity to emphasize the 
general question of characterizing the possible sets of principal minors in a 
similarity class [5]. Attempts at constructing such an example have raised 
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several questions of this type, and we close by summarizing some of the issues 
which have arisen. 
Let n=5 and S= {1,1,1,0,w2}. 
REMARK 1. An orthogonal 5-by-5 matrix A with c(A) = S is a PM- 
matrix if and only if the diagonal entries and 2-by-2 principal minors of A 
are positive. 
Proof. If A is orthogonal with a( A) = S, then A3 = Z and A2 = A-’ = AT. 
thus A E LT.&X if and only if A E 9. But by Jacobi’s identity the third- and 
fourth-order principal minors of A are positive if and only if the first- and 
second-order principal minors of A-’ are positive. Since A-’ = AT, the 
assertion is verified. a 
REMARK 2. A diagonulizable 5by-5 matrix A with a( A) = S is a PM- 
matrix if and only if A is a P-matrix. 
Proof Again, if A is diagonalizable, A3 = Z and A2 = A-‘. Thus, again 
by Jacobi, A2 E B since A is. Therefore A E PM. 
It is easy to construct orthogonal 5-by-5 matrices A with positive diagonal 
entries and a( A) = S. Let 
1 
0 
B=O 1 
0 0 0 0 
1 0 0 0 
0 0 10. 
0 0 0 0 1 
0 0 1 0 0 I 
It is known [4,8] that any square matrix is unitarily similar (orthogonally 
similar in the real case) to a matrix with equal diagonal entries. Since 
a(B) = 5’ and B is orthogonal, there is an orthogonal A, with a( A) = S, 
similar to B, each of whose diagonal entries is $. Unfortunately, we have not 
been able to adjust such an A with orthogonal similarities to produce an 
example using Remark 1 or with general similarities to produce an example 
using Remark 2. It would be interesting to know if there is a result like that of 
[8] which insures a similar matrix with k-by-k principal minors equal, k > 1. 
We are pleased to have had j?uitful discussions of this problem with S. 
Friedlund, R. Merris, S. Pierce, and H. Schneider. 
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